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in each step and X, is set as X;,; = X; + E; until ||Q(X;)]| be-
comes less than a specified tolerance value. It may be noted that (27)
is a Sylvester equation for F;.
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Unknown Input Observers for Switched Nonlinear
Discrete Time Descriptor Systems

D. Koenig, B. Marx, and D. Jacquet

Abstract—In this paper, a linear matrix inequality technique for the
state estimation of discrete-time, nonlinear switched descriptor systems is
developed. The considered systems are composed of linear and nonlinear
parts. An observer giving a perfect unknown input decoupled state estima-
tion is proposed. Sufficient conditions of global convergence of observers
are proposed. Numerical examples are given to illustrate this method.

Index Terms—Hybrid systems, polyquadratic stability, switched de-
scriptor systems, unknown input (UI) observers.

I. INTRODUCTION

Switched control and/or observer systems have recently received
much attention. Switched systems belong to a special class of hybrid
systems. They are defined by a collection of dynamical (linear and/or
nonlinear) subsystems together with a switching rule that specifies
the switching between these subsystems. A survey on basic problems
in switched system stability and design is available in [26] (see the
references therein). Many such problems occur in practice: power con-
verter systems where the switching signal is determined by pulse with
pulsewidth modulation (PWM) and gain scheduling control systems
are examples among many others. One can study the existence of a
switching rule that ensures the stability of the switched system. One
can assume that the switching sequence is not known a priori, and
look for stability results under arbitrary switching sequences. On the
one hand, most of the contributions in this field deal with stability
analysis and control synthesis [7], [18]. On the other hand, unknown
input observers (UIOs) have been widely studied for nonsingular sys-
tems [9], [29], singular systems [6], [10], [16], nonlinear descriptor
systems [17], and recently, for switched nonsingular systems [20]. Nev-
ertheless, there is no result extending the method mentioned in [20] to
the general representation of switched nonlinear descriptor systems,
although many practical systems can be described by them [2], and
their fault diagnosis may be based on UIO design [21].

As mentioned in [32], there are generally two broad approaches for
a nonlinear observer design. In the first approach, the objective is to
find a coordinate transformation so that the state-estimation error dy-
namics are linear in the new coordinates, and then, linear techniques
can be performed [13], [14], [30]. Necessary and sufficient conditions
have been established [19], [30] for the existence of such a coordinate
transformation. The second approach does not need the transforma-
tion, and the observer design is directly based on the original sys-
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tem. Because of the complexity of nonlinear systems, a lot of directly The nonlinearity ¢(xy, uy, k) is globally Lipschitz in z with
designing methods have been developed. For instance, Praly et al. Lipschitz constant 7, i.e.

[15], [22], [28] contributed some results on an observer design using

high-gain techniques. Besangon and Hammouri [3] and Dawson [12] ¢(r, ur, k) — &(&r, wp, k)| < v llzw — 2l

studied the observer design from the solution of the Riccati equation for A1l Yu e R™, keN.
Lipschitz nonlinear systems. Adaptive observers have been proposed

for special classes of nonlinear systems [5], [23]. For the class of global For instance, the sinusoidal terms usually encountered in many
Lipschitz nonlinear systems, the existence condition has been estab- problems of robotics are all global Lipschitz. Moreover, most
lished for a full-order observer and also for reduced-order observers, nonlinearities are local Lipschitz if they are considered in a
respectively, in [24] and [32]. The design method is based on the so- given neighborhood (see [23, def.])

lution of a Riccati equation. More recently, based on the linear matrix

inequality (LMI) approach both the proportional and proportional in- Eaeny  Faw 0

tegral observer for the nonlinear descriptor system have been proposed rank 0 Ga(r 0

in [17]. According to [17, Remark 1], the nonlinear systems considered A2 Cipnt 0 e

in this paper are more general than that in [5], [24], [32]. Moreover, we ol h el

proposed to extend the design of a proportional observer for an unsquare = n 4 rank Gy (1 1) + rank Fa) ]
(rectangular) switched descriptor system that includes both UI and Ga(k)

Lipschitz nonlinearities. The systems considered are also in a general 2E, — A, —F F,
form and seem to be the first using convex optimization. Briefly, an A3 rank |: o G :| = n + rank {G:|
extension of the UIO design for a linear system to a nonlinear system ! ¢ ‘
is proposed. =Vz|>1, i€e
This paper is organized as follows. Section II presents the problem p+2m > n+ q+ rank G, 1)
statement. A design method of the proportional observer and the main I
results of this note are given in Section III. In Section IV, the per- rank { alk) | _
formance of the proportional switched observer is evaluated through A4 a(k)
two numerical examples. The proof of the detectability condition is rank [Ca k) Gagk) = m] ]
provided in the Appendix. Finally, Section V concludes the paper.
Remark 2: Define
II. PROBLEM FORMULATION [ I 0 0
Consider the switched nonlinear descriptor systems Vi=|Casny 0 —In
L 0 IIH O
EoernyTryr = Aoy + Forydr + Hogrydr 10
Y = Ca)Tr + Gar)di M Vy = .

. 0 -1
where E,(;41) and A,z € RP*" are in the general form and - 1
may be rectangular, F, ;) € RP*¢, H, ) € RP*"o, Cy(p) € R™*M, I, For 0
Goy ER™ 1, p<n, x €R", deRY, ¢ = d(xp,ur, k): R x = 0 Gati) 0
R"* x N — R"¢, and y € R™ denote, respectively, the descriptor

_C(x(k+l) 0 G(v(/\‘+l)

vector, the unknown input vector, the nonlinearity vector and the out-
put vector. In the sequel, disturbances or partial inputs that are inac- For E,(;+1) = I, the assumption A2 becomes equivalent to
cessible are called unknown inputs. The signal v € R"* is the con-  [11, Assumption (12)], since

trol input vector. The variable (k) is a piecewise constant switching

sigpal .takin.g value from the finite index set ¢ = {1,2,...,h}. At a rank T = 1+ rank Go 11, + rank [Fa(k) :|
switching time k, we have a(k — 1) # a(k). The ordered sequence (k)
of the switching times is said to be the switching time sequence of
the switching signal. It is assumed that the switching time sequence
is real-time accessible, depending on the control input or on the mea- I, 0
sured output, or using a finite automation or any strategy. The family

of matrices {(E;, A;, F;, H;, C;, G;) : i € e} are parameterized by an rank iI'Vy =\ 0 I, 0

index set ¢ = {1,2,...,h} and i = a(k). Moreover, a(k) = ¢ and 0 0 -1

a(k + 1) = j means that the matrices (E;, A;, F;, H;,C;,G;, D;) [ Foy ]

is equivalent to

are activated. =n +rank G, (1) + rank
Notation 1: ()T stands for the transpose matrix, (*) is used for

the blocks induced by symmetry, (-) > 0 denotes a symmetric positive  which is equivalent to

definite matrix, (-)* is the pseudoinverse matrix, (-)* is the orthogonal

complement, || - || stands for the Euclidean norm, and (-);, stands for L, Far) 0

()a(k),a(k+1), forinstance, Tp, = To(k),a(k+1)- rank | 0 CoenyFaor)y Gars1)
Remark 1: The orthogonal complement A+ for a real n x p matrix 0 Gor) 0

A with rank q is defined as an (n — ¢) X n matrix such that AA* =0

and At AT > 0.
Assumptions: In the sequel, the following are assumed.

Fory
=n +rank G, (y4+1) + rank
Gar)
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which is equivalent to [11, eq. (12)]. In addition, for a(k + 1) = a(k),
the assumption A2 becomes equivalent to [29, condition (1-1)].
Remark 3: The assumptions

Fow

rank [ (k) } =q
Ga(k)

rank[Ca(k> Gn(k)} =m

ensure, respectively, that the Uls and measurements are linearly in-
dependent. This can always be satisfied by redefining the UI and the
measurement vector [10]. While, according to Remark 1, p + 2m >
n + ¢ + rank G, (1) is necessary in order to ensure that G)A%+ is well
defined.

Our aim is to design an observer in the form

Zipr =, 2 + Ky e + Ty, Hoy @ (B, ur, k)
Zr = 21 + No(k-1),0(k) Yk ()

where z;, € R" and

[(Tr, Ni, Ku, I ]=96 —Z,1Oj,
with
Ey.iv1)  Aar) Fyr) 0
Co(k+1) 0 0 Go(rrr)
O, =
0 —Caty —Gawm) 0
0 -1, 0 0

v = [I/L On><(n+2q)]7@)#Jr = (Ir1+p+2rn - ek’, ®k++)
Ky, =K, + 1, No-1),a(k)-

The problem of the observer design is also reduced to finding matrices
Za (k) such that the estimate £; converges asymptotically to the state
Ty .

III. OBSERVER DESIGN

In this section, a new method is presented to design the observer (2)
for a switched nonlinear system (1). The following theorem will give
the structure of the observer.

Theorem 1: Under A2, there exist matrices T}, , Ny, , Ky, , and
II; . such that

+

Ty, Eater1) + Nk Cahrr) = In 3)
My, =T, Aary — Kar, Caiy “4)
Ty, Fary — K1, Gary =0 5)
Ny, Gagre1y =0 (6)

and the difference of the state-estimation error e, = x;, — ) becomes

eri1 =i, ex +Th, Hogr)Or 7

where
O = Slar, i, k) — d(&n, ur, k) ®)
Ky, =Ky, +1, Nog-1),a(k) )

Remark 4: Consider the single system (1) where ¢ = {1}, a(k + 1) =
alk+1)=1,Ey411) = E1, Aar) = A1, Foey = Fi, Hory) = 0,
Coky = C1 and G (1) = G1. When G| has a full row rank, the ma-
trix C15 defined in [10] is necessarily equal to zero. Consequently, the
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matrices NV and M defined by [10, egs. (24) and (25)] cannot be com-
puted, and the observer is unfeasible. Furthermore, in our approach,
when G has a full row rank, it follows that the only NV ; that fulfills
Ni,1G1 = 0 is the zero matrix. So, the observer (2) is solvable, pro-
vided the matrix H111 = T111A1 — K1_101 is stable, T])lEl = In’
and K;, |Gy =T, F;. In other words, E; must be nonsingular
(Ty1 = E;') and the row image of E;'F; has to be included in
the row image of G, while the solution K; ; of K;, | G; = E(lFl
must ensure the stability of II; ; = El’lAl — K, C,. This is very
restrictive, but a solution may exist. So, our observer may exist even
if the number of UI in the measurement equation is equal to the num-
ber of the measurement. In addition, the detectability condition A3 is
the usual condition defined in UIO theory; see, for instance, in [10,
eq. (23)]. So, the methodologies proposed are no less restrictive than
those reported in the literature [6], [8], [10], [11], [17], [29].

Proof: Suppose that (3) holds, then e; ;1 = 211 — 211 becomes

€1 = Th, BEa(hr1)Ter1 — 2er1 — Ny Gaer1)disn
and from (1), (2), and (8), e; .1 becomes
eir1 = (Thy Aary =M, T, Eary — Ki, Car))
+ 10y, ep + T, Horydr — Nie, Gogrr1ydisn
+ (T, Fary = (K, =1k, Nage-1),a(0))Gar))dr- (10)

Substituting (9) into (10) and using the constraints (4)—~(6), T (k—1),a (k)
Eo k) + Na(k=1),a(k)Ca(x) = I, (7) is obtained. Rewriting (7) and
(3)—(6), respectively, leads to

€rk+1 = [TM Ny, K, HkJr](Pla(k)ek
+[Te, Ni, K, I, lesan)on ¢8))
U=[T, N, Ky, I, 00, (12)
where
A He 1y
OTVL Xn O'HL Xn
Pla(k) = sy Pra(k) =
—Lal(k) Om Xn
On><n 0")(77,
The solution [T}, N,, Ky, II;, ]of (12) depends on the rank

of matrix O, e A solution exists if and only if [25]

O,
rank o =rank O, (13)

which is equivalent to A2. Therefore, under A2, the general solution of
(12)is
[T, Np, K, (14)

I, | =960} —Zyu) O,

+

1
Where@]“r = (In,+p+2m - ®k+

of appropriate dimension.
Substituting (14) into (11) gives (7), where 1I;, . and 7T}, are deter-
mined by known matrices and by the arbitrary matrix Z, () as follows:

G)Z+ ) and Z,, () is an arbitrary matrix

Hk+ = \1/6;+ Pla(k) — Zo(k)('_)iJr Pla(k) (15)
Ty, Haok) = ‘I’@Z+ P20 (k) —Zn(k)e;f+ P20 (k) - (16)
|

Now, the condition of global stability of (7) is stated in the following
theorem.
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Theorem 2: If there exist symmetric positive definite matrices

P, P, ..., P, and matrices Uy, Us, ..., U, satistying
P+P'-P X X, O
* Pz' 0 ’an, .o
>0 Vi,j€e, a7
* * I,
* * * I,

then the state-estimation error e, converges globally toward the
origins X1‘2 = P,\I/@;r]ng, - U,@ILIQD“ and X2 = Pl‘lJ@j:] Y2 —
U; @i ;2i- Moreover, the resulting observer gains are given by (9) and
(14), where the matrices Z;’s are given by Z; = P[l U;.

Proof: Consider the switched Lyapunov function V(e;, k) =
ef P, (ryer, where P, ;) > 0 is a positive definite matrix. If such a
Lyapunov function exists, and its difference AV = V (eg41,k + 1) —
V (e, k) is negative definite along system trajectories of (7), then the
origin of the system (7) is globally asymptotically stable. By computing
the difference AV along the solution of (7), AV is given by

AV =i, Pagrs)ersr — € Payer
= e I, Pagey)i, ex — ef Paryer + 2 T Paiyn)Th,
X Hnr(k)(;k + é{Hg(k:)Tki Py T, Hnr(k)(lzk
< e{H£+ Pyrrnyly, e + 2(3£H£+ Poos T, Hoi0r
+Of HE T Pogisr)Ti, Hory (k)
— eZPu(k)ek — qszdgk + 'yzelek

since, from A1 and (8), we have —¢7 ¢, +v%el e, > 0.
Now, AV can be written as

Ty, H;\T.+ Pyie1)Tr, Ho(r)

AV (e, k) <, [
Lo HY T Paer T, Haqr

€y
k
- In O:|

where Ty, = IT7 Py Tk, — Pagry + 21, andel, = [ef 1],

The difference AV (e, k) is negative definite for any [ef  ¢7 ] # 0if
Iy 07 PagesyTe. How
[ R : ] <0. (18
*  Hy Ty, Pagreny T, Haey — In,

As this inequality has to be satisfied under the arbitrary switching law,
it follows that it should hold for special configuration a/(k + 1) = j
and a(k) = i. Define X3 = P, — 1], P;1I; ; —~*1,,, and then (18)

becomes
X3
*

which is equivalent, by Schur complement, to

~IIf ;P T, ; H;

>0 Vijjee
—H!'T!,P;T, ;H; + I, ’

19

P; ‘ Pll;; BT H,
* * In

¢

which is equivalent, by Schur complement, to

Py Bl BT H; 0

* P, 0 71

* * L, 0 >0 Vi,jee
* * * | I, J
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which is equivalent by [31, Lemma 1] to

|—P7t + Pr - P; | PIL;; PT, ;H; 0 —|
* P 0 Y | >0 Vijee
* * I,
¢
* * * I,

(20)
where the matrices S, M, @, and G in [31] are directly identified by
S:})j,]\/[T:[Hi.j Z]H’L 0},G:R,and

P 0 A
Q=|x* L, 0
* * I,

Substituting (16) and U; = P, Z; into (20) with «a(k) =4 and
a(k + 1) = 7, (17) is obtained. |

Remark 5: The feasibility of (17), or equivalently, of (19), implies
that the pairs (PO, ¢1;, OF,¢1;) are detectable. Indeed, according
to Theorem 2, satisfying (17) is equivalent to guarantee the stability of
the state-estimation error (7), whatever the switching rule may be. This
includes the case where the switching rule leads to a linear behavior,
ie., a(k+1) = a(k) =i and II; ; has to be Hurwitz. In other words,
for a(k + 1) = a(k) = ¢, the existence of a solution P; > 0, U; of
the LMI (17) needs that the matrix II; ; = \I/@i,,;tpu - ZiGiz-apU is
Hurwitz (in the meaning of Lyapunov stability), since the element (1, 1)
of (19) implies —P; + 17, PIl; ; < —y*L4m < 0.

Remark 6: Of course, the switched detectability of the system (7) is
not ensured by the assumption that, for each subsystem ¢ € ¢, the pair
(W@Iftpu, O3, ¢1:) is detectable (see the example in [4, Sec. 7.2]),
but the detectability of each pair (‘1’@;901@'7 ©7,¢1:) is a necessary
condition to solve (17). Moreover, an arbitrary choice of T} ; caninvolve
a loss of detectability of the pair (W@iiW1i7 @fji@1i) (see [9]). To
overcome the problem of an arbitrary choice of T, ;, the computation
of a suitable 7} ; is included in the design procedure. That is why
(7) is rewritten as (11), where [T}, Ny, K, II;, ] is given
by (14). Thus, the matrix Z; involved in T; ; (14) plays the role of a
parametrization. The switched observer design is finally reduced to the
computation of the gain matrices Z;, ¢ € ¢, ensuring the asymptotic
stability of system (7) under arbitrary switching signal.

Now, the following results can be established.

Lemma 1: There exist matrices Z; such that the matrices II;, ; =
VO, ¢1i — Z;O},p1; are Hurwitz if and only if the pair (¥O,, ¢4,
9}1 1) s detectable, which is equivalent to (21), which is equivalent

to A3. I _ver
Zly — i i
rank [ S ] =n V| >1. @1
@i,Mli
Proof: See the Appendix. |

IV. EXAMPLES

In this section, the results are illustrated with two simulations. In
the first one, the studied system is nonsingular, and it is derived from
the continuous system of [24], while the second simulation concerns
a switched systems subject to UI, nonlinearities, and algebraic con-
straints.

Example 1: From [24], the observer (2) for system (la,1b) is guar-
anteed to be stable for all nonlinearities with Lipschitz constant of
magnitude less than 0.49. Using the aforementioned LMI formulation,
it is proposed to find the largest Lipschitz constant + such that the ob-
server (2) exists for system (1). The system (1a,1b) considered in [24]
is first approximated by the Euler approximation, where, for a good ap-
proximation, the sample time is fixed to 7, = 0.01 s. Let us consider

Authorized licensed use limited to: MI2S - Universite Joseph Fourier. Downloaded on March 24,2010 at 07:13:51 EDT from |IEEE Xplore. Restrictions apply.
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the discrete-time model (1), where ¢ = {1}, a(k) =1 Vk, E; = I,
A1 :IQ +T1A, F1 :0, G1 :0, H1 :TQIQ, 01:[0 1}, and
A-1,

It is assumed that the nonlinearity ¢(xy,, us, k) is globally Lipschitz
in x; with Lipschitz constant 7, and A2 holds since £ = I, and A3
holds for all z.

For a known Lipschitz constant v, Theorem 2 gives the gain observer
Z, such that observer (2) for system (1) exists. Theorem 2 can be
reformulated as the following convex optimization problem

max vy subject to (17) and P, = PT > 0 (22)
1:U1
wherei = j =1

Iy A

c; 0

O, =
b 0 -
0 —I

and U = [I, 0,, ]. Applying the convex optimization problem de-
fined by (22), the following results are obtained: v = 0.9950
[1 —9.99
TlAl =
10 0.0141
[ 9.99
Niy =
| 0.9859
[ —0.8881
K, =
| 0.0152
[0.9001 0
H1 1 = .
1 0.0001 0.0047

It can be noted that the maximal constant of Lipschitz obtained by
the present approach is larger than the Lipschitz constant given by [24].
IfCy; =[1 0], the maximal constant of Lipschitz is v = 1.4142. The
following example shows that a switched observer may exist for a more
general class.

Example 2: Consider the switched nonlinear descriptor systems (1),
where

T 0 0 0 fi, 0
01 0 O 0 foo,
E, = F, = !
‘ 0010 0 0
LO 0 0 O 0 1
(=1 ano, 0  a, L1k
-1 0 1 Lok
A = b =
! 0 —1 ass; 0 ok T3k
Lo 0 0 05 Ta
- 1A
0 1 0 0 0
H: = s Qp =7vsinz, Ci=|0 0 c3 1 |,
hsy, 0 0 0 ¢34
L o | '
r1 07 d
Gi=[0 0, dk:|: lk}’ e={L2},7=05,
L0 day

T, =0.01s,dy; = sindkT,,ds, = sin0.1kT,
a2, = 0.4,&122 = 0.670,331 = —0.4,(1332 =—-0.6
a14, = O.2,a142 = 070231 = 170232 = 070341 = 170342 =0

hs1, =1, h31, =0, fir, =0, fir, =1, fao, =1, f2, =0

and where the switching time sequence is given by Table I.
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TABLE I
SWITCHING SEQUENCE
k Of...[49]|50[51|52(... [250]|251|252 253
alk—1)|2 202 12 (1 |...|1 1 1 2
a(k) 2 1212 )1 |1 1 1 2 2
alk+1)|2 12 (1)1 |1 1 2 2 2
— x1
22 i Zs!ima(eofx1
2 1
18
16 05
14
12 KTe 0
1 sec sec
0.8
(] 1 2 3 4 5 0 1 2 3 4 5
— x3
1.5| 11 estimate of x3
4
0.5
0
sec
-0.5
1 2 3 4 5
(a)
0.5 0
F — X1
03} -0.1
0.2 -0.15
0t 2 -02
ON -0.25
-0af 1S -03 o
b kTe
02 0.02 004 006 008 0.1 0.45 0.5 0.55 0.6

25 2.55 26 2.65 27 “o 0.02 0.04 0.06 0.08 0.1

(b)

Fig. 1. Switching time sequence and state estimation performance. (a) Switch-
ing time sequence and state estimation. (b) Zoom of the state estimation.

Remark 7: If the switching time sequence is unknown a priori, a
switching rule can be defined, for instance, see [20, example 1].
Algorithm
1) The assumption Al holds for v = 0.5. Assumption A2 holds
for all couples {(2,2); (2,1); (1,1); (2,2)}, for instance,
a(k+ 1) =2, a(k) = 1, and the equality

E, F| 0 P
0 Gy 0 | =n+rank Gy + rank [Gl}
Cy 0 Gy !

is satisfied. The assumption A3 holds for all |z| > 1 and for all
1 €e={1,2}.
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2) From Table I, o1, ,¢2,, %15, $2,,02,2,021,011, O1 2, and
W are computed. Since assumptions A1-A4 hold, one can solve
the convex optimization problem defined in Theorem 2. More
precisely, finding P, Py, U, , U, subjectto P, = P > 0, P, =
Pf >0, (17) with 4,5 = 2,2, (17) with 4,7 = 2,1, (17) with
i,7 =1,1, and (17) with 7,7 = 1,2. After 26 iterations, the
gains Z; and Z, are obtained. From (14), we deduce

[TZ.Q N2,2 Klzyg H2,2] = \I/@;rz - ZQsz
[Thn Noy Ki,, IL,]=905, — 2,05,
(Ti, Ny Ky, 1] =¥07, —Z 061,
[Ty, Nip Ki,, IL,]=3¥6[,—2707,.

3) Using the Matlab/Simulink software, two S-functions are writ-
ten, the first for system (1) and the second for observer (2). Ac-
cording to Table I, the matrices Ty, , K, II;,,and Ny (1 —1),a (k)
are updated with Ky, = Ky, + 1, No(z-1).a(k)-

Simulation results show, through Fig. 1(a) and (b), a good state-
estimation performance. The estimation of the state x4 is not presented
due to space limitation.

Remark 8: If a common quadratic Lyapunov function V' (e, k) =
e{ Pey, is imposed (i.e., P, = P, = P and U; = U, = U), the corre-
sponding LMIs are found to be unfeasible. Indeed, the polyquadratic
stability is less conservative than the quadratic stability.

Remark 9: If the convex optimization, defined by (22), is applied,
the following maximal bound v is obtained for different value of h3;,

hsi, ‘ 1‘ 1.2‘ 1.26‘ 1.27‘ 1.28

184.3 | 98.87 | 49.53 | 35.05 | 1.1768

’YIH ax

where the parameter h31, is a coefficient of the matrix H, () of system
(1). If hgy, increases, then .. decreases, since there is a linear
dependant of the nonlinear term ¢(xy, uy, k).

V. CONCLUSION

A rigorous method for the design of observers for switched nonlinear
descriptor systems in the presence of a Ul has been presented. Existence
conditions of such observers have been given and proved with a strict
LMI formulation. Furthermore, a polyquadratic stability is used to
assess the state estimation. It is interesting to note that the systems
addressed in this paper are of a more general class than those reported
in the literature. Moreover, from [27], an extension to design a robust
observer for an uncertain switched descriptor system can be developed,
and this is actually studied.

APPENDIX

It is proved that assumption A3 or (21) is equivalent to the existence
of matrices Z; such that II; ; are Hurwitz.

Proof A3 < (21): Define the following nonsingular matrices
Wi, W3, and the full-column rank matrix W5,

, . I, -v6;,
Wi = —6*”-@1: Linen |7 Wy =10 Che
L i,1 v n /J) 0 @z,zej,
r—I, 0 O 0 0
zI, I, O 0 0
Wy = 0 0 I, 0 0
0 0 0 —I, 0
L 0 0 0 =z, I
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According to Remark 5, for a(k + 1) = a(k) = i the existence of
a solution P; > 0, U; of the LMI (17) needs that the matrix II; ; is
Hurwitz; therefore, each pair (VO p1;, ©f,¢1;) must be de-
tectable. The proof is decomposed in two parts. '

1) Let us prove that A3 is equivalent to

z1, \

rank {
P1i @z:,i

] — 2n —rank G;

=n+gq Vi]z|>1, i€e. (23)
2) Let prove that (23) is equivalent to (21).

Proof 1: From Wj, the relation (23) is equivalent to

rank[Z[" \I/]W32nrankGi:n+q Viz|>1, i€e

P14 0,

which is equivalent to

ZEi - Ai —E 0
rank 2C} 2G; G| —rankG; =n+q Vi|z|>1, i€ec
C; G;i 0

which is equivalent to A3.
Proof 2: Since @{ie,,i@ii =0

i,

@xﬁi@IiGM = 67’,,1‘,7 and

rank {@\Iij‘i ] =rank O, ;

we obtain (23)

I )\
< rank Wy, Zdn Wi; — 2n — rank GL'
w1i O
=n+q Vi|z|>1, ice
Lysm — WO o1
& rank ©; ; + rank Hnm L Oiipri | _ 2n — rank G;
: O p1i
=n+q V]|z|>1, ice
] I,im — VO 0
& rank {g’z:| + rank [Z -+ @}1%1 “‘('01':|
=n+q Vi|z|>1, ice
< (22)
where rank ©; ; = 2n + rank G; + rank [’ ] and rank[ ;' | = ¢.
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An Extension of the Argument Principle and Nyquist
Criterion to a Class of Systems With Unbounded
Generators

Makan Fardad and Bassam Bamiech

Abstract—The Nyquist stability criterion is generalized to systems where
the open-loop system has infinite-dimensional input and output spaces and
an unbounded infinitesimal generator. The infinitesimal generator is as-
sumed to be a sectorial operator with trace-class resolvent. The main result
is obtained through use of the perturbation determinant and an exten-
sion of the argument principle to infinitesimal generators with trace-class
resolvents.

Index Terms—Argument principle, infinite-dimensional system, Nyquist
stability criterion, perturbation determinant, unbounded infinitesimal
generator.

I. INTRODUCTION

The Nyquist criterion is of particular interest in system analysis as
it offers a simple visual test to determine the stability of a closed-
loop system for a family of feedback gains [1], [2]. Extensions of the
Nyquist stability criterion exist for certain classes of distributed [3] and
time-periodic [4] systems. Desoer and Wang [3] consider distributed
systems in which the open-loop transfer function G(s) belongs to the
algebra of matrix-valued meromorphic functions of finite Euclidean
dimension, and the Nyquist analysis is carried out by performing a
coprime factorization on G(s).

To motivate the discussion in this paper, let us first consider a
finite-dimensional (multiinput multioutput) LTI system G(s) placed
in feedback with a constant gain /. In analyzing the closed-loop
stability of such a system, we are concerned with the eigenvalues in
C* of the closed-loop dynamics A°'. If s is an eigenvalue of A°!,
then it satisfies det[s] — A°'] = 0. Now to check whether the equation
det[sI — A°!] = 0has solutions inside C*, one can apply the argument
principle to det[] + vG(s)] as s traverses some path ® enclosing C*.
To elaborate, let us assume that we are given a state-space realization
of the open-loop system. Then, using

_ det[s] — A

det[I +vG(s)] = det[sT — A] (D

if one knows the number of unstable open-loop poles, one can determine

the number of unstable closed-loop poles by looking at the plot of
det[I + yG(s)] Le - Butin the case of distributed systems, the open-
loop and closed-loop infinitesimal generators A and A®! are operators
on an infinite-dimensional Hilbert space X and can be unbounded.
Hence, it is not clear how to define the characteristic functions det[sZ —
AJ and det[sZ — A°']. In this paper, we find an analog of (1) applicable
to unbounded .4 and A" and use operator-theoretic arguments to relate
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